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ABSTRACT 
Let a,, denote the set of ail n x n doubly stochastic matrices, and let J,, = 
[l/nl,,.,,. For A E O,, and any integer k, 1 Q k Q n, let p,(A) denote the sum of all 
subpermanents of order k of A, and let DL( A) = pL( A) - [(n - k + 1)2/nk] p,. ,( A) 
for k = 2,. . , n. A E il,, is called a D,-minimizing matrix on a,, if D,(A) < D,(X) 
VX E Q2,, The Dokovii: conjecture asserts that if A is a D,-minimizing matrix on 6?,, ,
then D,(A) = 0 (k = 2,. , n). In this paper, we prove that if A is a positive 
DA-minimizing matrix on Q,, , then Dk( A) = 0 and A = J,, (k = 2,. , n), and we settle 
the conjecture for an n - 2 dimensional face of Kl,, We also prove the monotonicity of 
the permanent for 
A = ; ; E Q,, 
[ 1 
where each of the blocks of A is a matrix of equal entries, and for any A E a,, with 
n - 1 identical rows. 
1. INTRODUCTION 
Let a,, denote the polytope of all n x n doubly stochastic matrices, and 
let .Z,, be the n x n matrix all of whose entries are l/n. As usual, let I, be 
the n X n identity matrix. For a pair of positive integers p, 9, let K,,, denote 
the p X 9 matrix of ones. For an n X n (0,l) matrix D, let Q(D) = {X E 
52,, : X < D} where X < D means that no entry of X exceeds the correspond- 
ing entry of D. It is well known (e.g. see [2], [7]) that Q(D) is a face of the 
polytope fYZ n.
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Let n > 2 be an integer, and for a pair of integers p, 4 with p + 4 < n, let 
D = [dij] be an n x n (0,l) matrix with dij = 0 if and only if 1~ i < p 
arElql < j < q. Let B p, q denote the barycenter of the face a( Dp, q) of a,,. It is 
shown in [7] that 
B 0 x 
p.4= y z ’ [ 1 
where X = (l/s&,, Y = (l/r)K,,,, Z = [(n - p - q)/rs]K,,,$, and r = n 
- p, s = n - 4. It is also known [4] that BP,, is a point of a( Dp, (,) at which 
the permanent takes its minimum on a( Dp, q). 
Let y be a nonempty set of real matrices and f be a real valued function 
defined on r. A matrix A E 9- is called an f-minimizing matrix on y if it 
satisfies f(A) < f(X) for all X E 7. 
For an n X n matrix A and any integer k, 1~ k < n, let pk( A) de- 
note the sum of all subpermanents of order k of A. In [4], Friedland 
proved Tverberg’s conjecture [20] on the functions p,, asserting that J, is 
the unique pk-minimizing matrix on a,, (k = 2,. . . , n) which generalizes 
van der Waerden’s conjecture. 
Certainly the Tverberg-Friedland theorem is implied by the validity of the 
following conjecture [16]: 
CONJECTURE 1 (Monotonicity). Let A be any matrix in Q,,. Then pk(X) 
is monotone decreasing on the line segment from A to J,, k = 2,. . . , n. 
In the literature, Conjecture 1 for k = n is usually called the monotonicity 
of the permanent. 
Friedland and Mint [5] proved the monotonicity of the permanent for A a 
permutation matrix or for A = (nJ,, - I,)/( n - 1); Sinkhom [18] proved it for 
A = (I, + P,,)/2, where P,, denotes the full cycle n X n permutation matrix 
with ones in its superdiagonal and in the (n, 1) position; Phuong [17] proved 
it for the barycenter B,,, of !d(D,,,); and Lih and Wang [8] proved it for 
either A = Jr@ J,, r, s > 0, r + s = n, or A = Bp,p, 0 < p < n/2. 
For general k = 2,. . . , n, London [ 111 proved the monotonicity conjecture 
for (I, + P,)/2, extending Sinkhom’s result in [18]. 
Each of the matrices listed above for which the monotonicity of p, or of 
the permanent holds is just a single point on the boundary Bd(O,) of Q,,, i.e. 
a zero dimensional subset of Bd(S2,). However, in [lo], London proved the 
monotonicity conjecture for a face of dimension one of Q2,, namely for 8(D) 
with D = I, + P,, extending his result in [ll], and for the matrix (nJ, - I, - 
Z’,,)/(n - 2). A more general result has been established by Goldwasser [6], 
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namely, if 
n,>2, i=l,..., t, n,+ ... +n,+,= n, then the monotonicity conjecture 
holdsfor~(D).Here,ifwetaken,=...=n,=2andn,+,=n-2[n/2], 
then 52( 0) is of dimension 1 n/2]. The significance of Goldwasser’s theorem 
is that the face Q(D) is, so far, the highest dimensional subset of Bd(D,) for 
which the validity of the monotonicity conjecture is proved. 
A conjecture related to the monotonicity conjecture is the following one 
proposed by Dokovii: [3]: 
CONJECTURE 2 (Dokovic). Let A E a,,. Then 
p,(A)>, (n-k+1’2pk-I(A), 
nk 
k=2,...,n. 
The Dokovic conjecture for k = 2 or 3 was proved by Dokovii: himself [3]. 
Let 
Dk(A) = &CA) - (n-k+1)2P1_.i(A), nk k = 2,...,n. 
Then Conjecture 2, with some specification for the cases of equality, is stated 
as follows. 
CONJECTURE 2’. Let AEQ,,.ThenDk(A)>O, k=2,...,n,withequality 
if and only if A is permutation equivalent to (I, + P,)/2 and k = n, or 
A = J,,. 
London [9] proved that if perS > p,_i(S)/t2 for all S E Q2, of rank 2, with 
equalityifandonlyifS=_Z,,t=2 ,..., n-l,thenD,(A)>O, t=2 ,..., n-l, 
for all A E Q,, of rank < 2, with equality if and only if A = J,,. In [12], 
Massound Malek-Shahmirzadi has revealed a connection between the two 
conjectures by showing that if a matrix A satisfies the Dokovic conjecture, 
then the monotonicity of the permanent holds for A, and proved that any 
permutation matrix or (I, + Z’,)/2 satisfies the Dokovii: conjecture. In [6], 
Goldwasser has proved the equivalence of the two conjectures by showing 
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that, for A = [aij] E Q,,, 
as well as the following 
THEOREM (End point monotonicity theorem). Let A E Q2, with B on the 
open interval fbm A to J,,. Suppose D,(A) > 0 for t = 2,. . ., k, where 
2<k<n. ThenD,(B)>O fort=2 ,..., k. 
Lih and Wang [8] proved that if the permanent function is monotone 
decreasing on the line segment from A to J,, then it is strictly decreasing, by 
using the fact that J, is a strict local minimum point on Q,, for the permanent 
function. We observe that the same result holds for p,, k = 2,. . . , n, by the 
same argument as that of Lih and Wang with the aid of the Tverberg- 
Friedland theorem. 
In this paper, we shall first give a couple of useful averaging lemmas-the 
general averaging lemma and row-column averaging lemma-and use them 
to prove that, for each k = 2,. . . , n, if A is a Dk-minimizing matrix on a,,, 
then Dk(A) = 0 and A = I,,, and also to prove the Dokovi6 conjecture for a 
certain face of dimension n - 2 of 52, in Bd(Q2,). We shall also prove the 
monotonicity of the permanent for the barycenter BP, 9 of 8( D,,, q) where p 
and q are positive integers with p + q < n, and use it to prove the same thing 
for any doubly stochastic matrix A of the form 
All A,2 
A= A 
[ 1 21 A22 
where each of the blocks Aij (i, j = 1,2) is a matrix of equal entries with no 
particular restriction on its size, and finally to prove the monotonicity of the 
permanent for a subset of dimension n - 1 of a,,. 
2. AVERAGING LEMMAS 
We shall first prove a couple of useful lemmas which will be often used as 
averaging mechanisms in optimizing a function related to the permanent. 
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LEMMA 2.1 (General averaging lemma). Let X be a compact set of 
n x n real matrices, and f be a real valued function on 2. Suppose that A 
and B are f-minimizing (or f-maximizing) matrices on X such that tA + (l- 
t )B E X for all t in some open interval containing the closed unit interval 
[O,l]. Zf u(t) = f(tA +(l- t)B) is a polynomial, in t, of degree < 3, then 
u( t ) is a constant function oft. 
Proof. Write u(t) = a,t3 + a,t2 + a,t + a,. Since A and B are f-mini- 
mizing (f-maximizing) matrices on X, and since there is an E > 0 such that 
tA + (1 - t)B E 2 for all t E ( - E, 1 + E), it follows that u’(0) = u’(l) = 0 
and u(O) = u(l), which will prove that a r = a 2 = a 3 = 0. n 
COROLLARY 2.1 (Row-column averaging lemma). Let .F be a compact 
convex set of n X n real nonnegative matrices, and f be a real valued function 
on X. LetA=[a,,..., a,] be an f-minimizing (f-maximizing) matrix on X. 
Suppose, for some k, 2 < k < n, that 
(9 al,. . . , ak have the same (0,l) pattern, 
(ii) for any k X k permutation matrix P, B = A(P@Z,_,) E X, f(A) = 
f(B), and f(tA + (1 - t)B) is a polynomial, in t, of degree < 3. 
Then A( .lk@ I, _ k) is also an f-minimizing (f-maximizing) matrix on X. 
Proof. Case k = 2: For a real number t, let 
A,= [ta,+(l-t)a,,ta,+(l-t)a,,a,,...,a,,]. 
Then f(A,) = f(A,) = f(A). Moreover, since a, and a2 have the same 
(0, l)-pattern, there is some open interval U containing [0, l] such that A, E X 
for all t E U. Thus, by the general averaging lemma, u(t) = f( A,) is a 
constant function of t, and hence, in particular, f(A) = f(A,) = f(A,,,), 
completing the proof in this case. 
Case k >, 3: Let 
Then A( M,@ I, _ k) is an f-minimizing (f-maximizing) matrix on 2 by the 
previous result for k = 2 applied a finite number of times. Therefore 
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is an f-minimizing (f-maximizing) matrix on .X7, since X is a compact set, 
completing the proof. n 
We note that many inequalities concerning permanents, permanental 
minors, or diagonal products give rise to functions with the properties 
possessed by the ones in the above lemmas, and so also do many sets of 
matrices encountered in various problems. 
The following Lemma 2.2 is easily proved by the fact that, if A = [a i j] E 
Q2,, then for each i = 1,. . ., n, 
and 
perA = i aijperA(i: j). 
i=l 
LEMMA 2.2. Let A E a,,. Then, for each i = 1,. . . , n, either perA(i: j) 
= per A for all j = 1,. . . , n with ai. > 0, or there exist j, k, 1 < j, k < n, 
j#k, such thataij>O, a,,>O, a nd perA(i: j) > perA > perA(i: k). 
The assertion of the following Lemma 2.3 was conjectured by Sinkhorn 
[19], and proved recently by Bapat [I]. 
LEMMA 2.3. Let A E Q2,. Zf perA(i: j) = perA for all i, j = l,..., n, 
then either A = J,, or, up to permutations of rows and columns, A = (I, + 
p* )/2. 
In addition to these lemmas, we make use of a couple of theorems of 
Goldwasser [6]. 
LEMMA 2.4 [6]. Zf A E Q,,, then 
D,(A) = $llA - Jn112, 
where [/.I[ stands for the Euclidean nom. 
LEMMA 2.5 161. Suppose that A E Q,, and that Dk( A) > 0 for k = 2,. . . , n. 
ThenD,(A@Z,)>Ofork=2,...,n+l. 
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3. D,MINIMIZING MATRICES 
We are now ready to prove one of our main theorems. 
THEOREM 3.1. For each k = 2,. . . , n, if A is a positive Dk-minimizing 
matrix on 51,, then Dk( A) = 0 and A = .Z,,. 
Proof. Let k, 2 < k < n, be fixed, and let A = [aij] be a positive 
Dk-minimizing matrix on a,,. Then, since !CZ2, is a convex polytope in a finite 
dimensional Euclidean space, and since the matrix function D, and the 
matrix A satisfy the assumptions of the row-column averaging lemma, we get 
that -I, AZ,, = _Z,, is also a D,-minimizing matrix on Q,, and hence that 
Dk(A) = Dk(Jn) = 0. 
It remains to prove that A = J,,. For the case k = 2, this follows from 
Lemma 2.4. Let 2 < k < n - 1. For each real number x, let T,(X) denote the 
n X n matrix 
I l-x 1-X 
x - . . . - 
n-l n-l 
1-X 
n-l 
n-2+x 
1-x 
(n _ $ Kn-Ln-1 
n-l 
Suppose that A # Z,,. Then at least one of the entries of A is greater than 
l/n. Without loss of generality, we may assume that a,, > l/n. Now, by the 
row-column averaging lemma, we see that (I,@ Ja _ ,)A( I,@ 1, ~ r ) is also a 
D,-minimizing matrix on a,,. But (Z1@Jn_i)A(Z1@.Z~_r) = T,,(a,,). Let 
l-a n-2-a 
a = all, b=- 
n-l’ 
and c = 
(n-2)2 ’ 
and let 
X=Z’,,(a)[l,..., k:l,..., k], 
Y=T,,(a)[2 ,..., k+l:l,..., k], 
Z=T,(a)[2 ,..., k+l:2 ,..., k+l]. 
134 
It is easy to check that 
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perY = k!bck-‘, 
and 
per Z = k!ck. 
submatrices of order k of A, there are precisely 
and no others. Therefore 
pk(A)= ;I: 2(k-1)!ck-2[ac+(k-I)b2] 
( i 
+2(n;1)j;;;)k!bckp’+(“;1)2k!ck 
= (n-I)!2 
(n - k)!2k! 
ckp2[kac+k(k-l)b2+2k(n-k)bc+(n-k)’c2] 
= ‘;n-_1;!):C:2;2[k(ac-b2)+(kb+(n-k)c)2]. 
. . 
Let z=na-l.Then 
ac - b2 = 
a(n-2+a) (1-,)2 
-p= 
(n - 1)2 (n-1)” (n:)p’ 
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and 
k-ka (n-k)(n-2+a) 
kh+(n-k)c=n_l+ 
(fl-1)” 
= ( ~l)2[n(l-k)a+n2-2n+k] 
n 
= ( ~,)2[(11(I--1)(1-k)+(O-l)?i 
n 
=l+ 41-k) 
(n - 1)” * 
Hence 
k(ac-b2)+[kb-(n-k)c12 
k.2 22(1-k) z2(1-k)’ 
=p 
(n-l)‘+l+ (n-1)’ + (n-1)” 
=1+42-k) z2(1 - k)’ 
(n-l)” + (n-1)” ’ 
Thus we have proved that 
P,(W)) = 
(n - 1)!2ck-2 
(n - k)!2k!( n - 1)4 
[(n - l)“+ ~(2 - k)(n - l)“+ z2(1 - k)“] 
for k = 2,. . . , k - 1. Therefore, for k = 3,. . . , n - 1, 
nkpk(C(a)) = 
(n - 1)!2~k-3 
(n-k)!2(k-l)!(n-1)4H 
and 
(n - k + 1)2Pk-d~“(4) = 
(12 - 1)!2ck-3 
(n-k)!2(k-l)!(n-1)4G7 
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where 
Since 
H=nc[(n-1)4+z(2-k)(n-1)2+z2(1-k)2], 
G = (n - l)“+ 43 - k)(n - l)“+ z2(2 - k)2. 
n-2+a (n-l)“+ z 
c= 
(n-1)2 = n(n-1)2 ’ 
we get that 
nc=l+ 
and hence that 
k-l 2 
+z(n-l)2+z2(2-k)+z3 n_l 
i i 
Now it follows that 
Therefore, for k = 3,. . . , n - 1, 
nb,(T,(a)) - (n -k +l)2~,-,(Tn(a)) 
(n - l)!‘( k - 1)2ckp2z2 
= (n-k)!2(k-l)!(n-1)6 
[1+ (;::“I. 
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We know that z = na - 1 > 0, since a > l/n. Thus 
(n- 1)’ 
z+ k-l 
’ 0, 
which gives us D,(Z',,(a)) > 0 = DJJ,,), a contradiction. 
Finally, if k = n, then, since T,(a) is on the open interval from T,(O) to J, 
and since the permanent is strictly decreasing on that interval [17], we have 
D,(T,,(a)) > 0 again. Therefore it must be that A = 1,. n 
Now we consider a particular face of a,, in Bd(Q2,). Let E, = [eij] be an 
n x n (0,l) matrix defined by 
t 
1 
e,j = 
if i=l, j#l, or i#l, j=l, or i=j#l, 
0 otherwise, 
and let B, denote the barycenter of Q(E,). Then it is not hard to check that 
B, = 
1 1 1 
0 - -...- 
n-l n-l n-l 
1 n-2 
-- 
n-l n-l 
1 n-2 
n-l n-l 
0 . . 
1 n-2 
n-l n-l 
It is shown in [2] that B, is the unique minimizing matrix on O(E,). We 
note that Q(E,) is a face of dimension n - 2 of a,, with n - 1 vertices which 
lies in Bd(Q2,). In the following, we shall prove the validity of the Dokovii: 
conjecture and hence the monotonicity conjecture for this face G(E,). Since 
the conjecture is proved for the cases n = 2 or 3 [3], we assume that n > 4 
throughout. 
First we prove a couple of lemmas concerning B,. 
LEMMA 3.2. For k = 2,. . . , n - 1, 
k(2k-n-1) 1 n-k ’
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Proof. Let k, 2 6 k < n - 1, be fixed, and let W denote the set of all 
submatrices of order k of B, with nonzero permanents, i.e. 
W= {B,[cu:p]Ia,/?c(n), 1”1=IPI=k,perB,[ry:P] >O}. 
Let 
W,= {B,[a$] E Wll~c~nP}, 
W,= {B,[a$] l W[l~p-a}; 
W,= {B&P] ~Wll~a-fip), 
W,= {B,[cx:/?] ~Wll~Eaup}. 
Then the sets W, (i = 1,2,3,4) are mutually disjoint and 
Hence 
where 
Pi= c perX (i=1,2,3,4). 
x E w, 
Let B,[(~:P]~W~,andassume,foramoment,that(y={l,...,k}.Weareto 
determine /3 so that per B, [ a : p] > 0. Let 
1 n-2 
a=- and b=- 
n-l n-l’ 
and consider 
B,[a: .] = 
a . . . a 
l-1 0 * 
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If J(Y - PI z 2, then per B,[ (Y : /3] = 0 by the Frobenius-KSnig theorem. There- 
fore it must be that I/3 - (Y] G 1, i.e. either (Y = j3 or (Y differs from /3 by a 
single element. Thus, it follows that 
1 (k - l)~~b~-~ if cu=/3, w-k[~:Pl= azbk_2 if ]P-a]=l. 
We see that there are ways to choose a. For each a thus chosen, 
there is exactly one /3 such that ]/I - a] = 0 and I/3] = k, namely (Y = p, and 
there are exactly 
(Xfk) = (k - l)(n - k) 
ways to take j3 such that I/3 - a( = 1 and ) p) = k. Thus we have 
= ;I: (k-I)(n-k+l)a2bkp2. 
i 1 
Now, let B, [ a : p] E W,, and suppose that a= { 2,. . . , k + l}. Observing the 
matrix 
B,[a: .] = 
a b 
a b 0 
a 0 ‘b 
0, 1 
we see that, in order to have per B, [ (Y : /3] > 0, j3 must be chosen in such a 
way that /3--{l}Ca and ]a-p]=l. It follows that perB,[cu:P]=abk-’ 
for any p thus chosen. Since there are ways to choose a, and for each 
(Y there are exactly ways for such p, we have 
kabkpl. 
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Obviously Pa = Pz, by the symmetry of the sets W, and W,. Finally, if 
B,[cY: p] E W,, then clearly LY = /3 and B,,[(Y: CX] = bl,, and hence 
per B,[a : a] = bk. Since we can choose such an (Y in exactly ways, 
we get 
bk. 
Thus 
Noticing that 
1 
a=_ 
n-l’ 
b= 2, and (FI:)=(nkl)$-, 
we have 
r)kcBn) = (~~~)2(n~1)[k(k-l)(l+-$y+2k(n-2)+(n-2)2] 
bk-2 
= (n - 1)2 
k(k - 1) 
k2+2k(n-2)+(n-2)2+ n_k -k 1 
bk-2 
= (n - 1)2 
k(2k - n - 1) 1 n-k ’
which completes the proof. H 
In the next lemma, we are going to show that Dk( B,) > 0 for all 
k = 2,..., n. It follows directly from Lemma 2.4 that D,(B,) > 0. We first 
consider the case k = n. 
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Let P = per B,, and let Pi j = per B,(i : j), i, j = 1,. . . , n. Then, with 
a=l/(n-1)and b=(n-2)/(n-l)again,wehave 
P = p,(B,,) = (n - l)a2b”-’ = ab”-‘, 
and 
P,,=b”-$P+-2)P, 
p,, = . . . = p,, = pzl = . . . = p,, = pz2 = . . . = p,, = p, 
piizo2bn-3=ip= 
1 
---P 
n-2 
forall(i,j)#(l,l) ,..., (l,n),(2,1> ,..., (.n,1),(2,2),...,(n,n).Thus 
P,_,(B,,)=(n-2)P+3(n-l)P+(n-l)(n-2)--&P 
= (5n - 6)P. 
Therefore 
5n-6 
=p------ 
n2 
p= (n-2)(n-3)p,0 
n2 
since n&4. 
LEMMA 3.3. Let n > 4. Then Dk( B,) > 0 for k = 2,. . . , n. 
Proof We have observed that Dk( B,) > 0 if k = 2 or n in the above 
paragraph. Let k be such that 3 < k < n. Then, by Lemma 3.2, 
k(2k - n - 1) 1 n-k ’
142 
and 
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l)k-l@n) = 
where b = (n - 2)/( n - 1). Thus 
Dk(Bn) = r)k@n) - (n-k+1)2pk_,(R ) nk n 
k(2k - n - 1) 
n-k 
(n-k+1)2 k 
n-k (n-3+k)2+ 
i 
(k - 1)(2k - n - 3) 
- 
nk n-k+1 
To prove that this quantity is positive, it is enough to show that 
1. 
Fk,n 
:=(n-2~[(n_2+k)~+ k(2 pnm1)] 
n-k 
(n - l)(n - k +1)2 
n(n - k) 
(n_3+k)2+ (k-1)(2k-n-3) 
n-k+1 1 > 0. 
If k = 3, then for any n > 4, 
F,. II = (n-2)[(n+l)l+ ‘f:t)] - (n~~~~~2)2[n2+ 2fI:)] 
= nFn-_:) (n[(n-3)(n+l)2+3(5-n)] 
-(n-l)[(n-2)n”-2(3-n)]) 
= .Fn:“l) [2n2(n-4)+2(n+3)] >O. 
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Thus D,( B,,) > 0 for all n > 4. From this we can also conclude that the 
lemma holds for n = 4. To prove the lemma for n = 5, we need only to check 
that F4,,S > 0. But 
It remains to prove the lemma for the case n 2 6 and 4 < k < n - 1. Let 
u(k)= (n-k+V 
n-k 
and 
u(k)=(n-2+k)z+ 
k(2k - n - 1) 
n-k ’ 
Then 
n-2 
F k,n= (n - Z)u(k) - -u(k)o(k- 1). 
To show that Fk,n > 0, it suffices to prove 
n-l 
n-2> -u(k), i.e., 
n(n - 2) 
> u(k), (3.1) n n-l 
and 
u(k) > u(k - l), (3.2) 
since each of u(k), u(k), and v( k - 1) is a positive quantity. To show (3.1), 
differentiate log u(k) with respect to k and get 
u’(k) - 2 1 n-l-k 
-= + _= - 
u(k) n-k+1 n-k (n-k)(n-k+l) 
< 0, 
which tells us that 
u(k) < u(4) forall k=4,...,n-1. 
144 SUK GEUN HWANG 
So (3.1) will be proved if we show that 
n(n - 2) 
n_l ‘U(4) = 
(n - 3)’ 
n-4 ’ 
i.e., that n( n - 2)( n - 4) - (n - l)( n - 3)2 > 0. But n( n - 2)( n - 4) - (n - 
l)( n - 3)2 = n2 - 7n +9 > 0 for n >, 6. Thus the inequality (3.1) is proved. 
To prove (3.2) again differentiate u(k) with respect to k. Then 
d(k)=2+2fk)+ 
- 2k2 +4nk - n( n + 1) w(k) 
+k)’ = (n-k)2’ (3’3) 
where w(k) = 2k3 - 2(n +3)k2 - 2n(n - 6)k +2n3 - 5n2 - n. For a mo- 
ment we regard w(k) as a function of k defined on the interval [3, n - l]. 
Then w’(k) = 6k2 - 4(n +3)k - 2n(n - 6), as a quadratic polynomial in k, 
takes its maximum at one of the end points of the interval [3, n - 11. Since 
w’(k)=2[27-6(n+3)-n(n-6)] =2(9-n2)<0 
and 
I:‘(n-1)=2[3(n-l)“-2(n+3)(n-l)-n(n-6)] 
=2(9-4n)=2(9-4n)<O, 
we see that w’(k) < 0 on [3, n - 11, i.e. that w(k) is a strictly decreasing 
function on the same interval. Thus w(k) > w( n - 1) for all k = 3,. . . , n - 1. 
But, by (3.3), we have 
w(n - 1) = u’(n - 1) 
= 2(2n - 3) - 2(n - 1)2+4n(n - 1) - n(n +l) 
=n2+3n-8>0. 
Thus we have shown that u’(k) > 0 on the interval [3, n - 11, i.e. that v(k) is 
a strictly increasing function of k on [3, n - 11. Therefore the inequality (3.2) 
has been proved for k = 4,. . . , n - 1. Now, combining (3.1) and (3.2), we 
conclude that Fk,n >O, i.e. that D,(B,)>O for na6 and 4<k,<n-1, 
which completes the proof. M 
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With the lemmas proved above, we shall now prove the following 
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THEOREM 3.4. Any A E a( E,), n > 3, satisfies the Dokovib conjecture, 
i.e., D,(A) > 0 for all k = 2 ,..., n. 
Proof. Again we need only consider the case n > 4 and k >, 3. Let k, 
3 < k < n, be fixed. Let A be a Dk-minimizing matrix on SI(E,). Since 
A < E,, A must be of the following form: _ 
A= 
0 Lx2 x3 ... x9 
*2 Y2 
x3 YB 0 
0 . 
xq y9 
0 
0 
1 
n-9 
where 0 < x2,. . . , x9 < 1 and 2 Q 9 G n. If 9 G 3, then by Lemma 2.5 applied 
a finite number of times, it follows that D,(A) > 0, k = 2,. . . , n, since the 
Dokovic conjecture holds for n < 3. Suppose that n > 4. Let 
and let 
E = (Z,~Q,$Z,-,)A(Z,$Q,~Zn-3) 
0 xg x2 x4 ... x9- 
x3 Y3 
x2 Y2 0 = 
x4 Y4 
0 . 
X9 y9 
@I n-9. 
Then, certainly, B is a Dk-minimizing matrix on a( E,). For a real number t, 
let A, = tA +(l - t)B. Then, since 0 < x2, x3 < 1 and hence 0 < y,, y3 < 1, 
there is an open interval U containing the closed unit interval [0, l] such that 
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A, E Q(E,) for all t E U. We can easily see that Dk(A,) is a polynomial, in t, 
of degree < 3. Thus, by the general averaging lemma, Dk( A,) = Dk( A) for 
all t E [0, 11 and, in particular, Ar,s = (A + B)/2 is also a D,-minimizing 
matrix on Q(E,). Now, for an integer m 2 3, let 
Then we get that 
is a D,-minimizing matrix on Q(E,), by using the above result a finite 
number of times. Since O(E,) is a compact set, we finally get that the matrix 
with B, the barycenter of O(E,), is a Dk-minimizing matrix on Q(E,). But 
D,(B,)>Ofork=2,..., n by Lemma 3.3. Therefore Dk( A) = Dk( B4@ I, _ 4) 
> 0 for k = 2,. . . , n by Lemma 2.5, completing the proof. n 
By the equivalence of the monotonicity conjecture and the Dokovi6 
conjecture, our theorem asserts also that, for any A E Q(E,), the function 
fA,k(t)=pk(tA+(1-t)Jn)ismonotonedecreasingon[O,1], k=2,...,n. 
4. MONOTONICITY OF THE PERMANENT 
Unlike the proofs of most of the known results about the monotonicity of 
the permanent, we use some simple combinatorial arguments here to prove 
the following 
LEMMA 4.1. Let n >, 2 be an integer, and let p, q be positive integers 
such that p + q < n. Then the permunent function is strictly increasing on the 
line segment from I, to the barycenter B,,, of Q(DP,,). 
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Proof. Let p, 9 be fixed, and write B = BP,, = [hij]. For t, 0 < t < 1, let 
B,=(l-t)J,+,tB.Then 
iperB,= i f bij-t perB,(i:j). 
;=r j=r i i 
It is clear that d(per B,)/dt = 0 at t = 0, since B, = .I,. We want to show that 
d(per B, )/dt > 0 for all t, 0 < t < 1, which will complete the proof. For that 
purpose, let c, 0 < c < 1, be arbitrarily chosen and fixed. Then it is readily 
verified that Bc is a positive matrix of the following form 
where T = n - p, s = n - 9, and x, y, U, v are some suitable real numbers. 
First we claim that perB,(l : 1) < per B,(l : n). For suppose, on the con- 
trary, that per B,( 1: 1) >, per B,(l : n). We know, by Lemma 4.3 of [7], that 
per B,(l: 1) < perBl(l: n), since B, = B is the barycenter of Q(DP,q). Now, 
since per B,( 1: 1) - per B,(l : n) is a continuous function of t, there exists 
some d, c < cl < 1, such that per B,(l : 1) = per Bd( 1: n) by the intermediate 
value theorem, which implies that per B,,(l: j) = per B,, for all j = 1,. , . , n. 
Since B,, is a positive matrix such that, for each j = 1,. . . , n, per B,(l : j) = 
. . . =perBJp:j) and perBJp+l:j)= ... =perB,,(n:j), we get, from 
perB,,(l: j) = perB,{ (j = l,..., n), that perBJi: j) = perB,[ for all i, j = 
1 >...> n, by Lemma 2.2. But this violates Lemma 2.3, since B, is a positive 
matrix which is different from .I,,. Thus we have proved our claim, per B,( 1: 1) 
< per B,.( 1 : n ), from which we conclude that per B,(l : 1) < per B, < 
per B,( 1: n) and hence also that per B,( n : 1) > per B,. > per B,.( n : n) with the 
aid of Lemma 2.2. Now, noticing that 
perB,(l: 1) if l<i<p, 1G j=Gq, 
perB,(i: j) = I perB,(l: n) if l<idp,q+l<j<n, perB,(n: 1) if p+l<i<n, lGjG9, perB,(n: n) ifp+l<i<n,q+l<j<n 
and also that 
b,,=O, b,,== b,,=l,. 
n-p-9 1 
s 72’ r 12’ 
b,,= c-3 KS n 
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we get 
1 
= P9 b,, - ; 
i 1 perB,.(l:l)+ ps b,, - 1 i i n perB,(l: n) 
1 
+r9 b,,-- perB,(n:l)+rs b,,-- perB,.(n:n) 
i 1 
1 
n i 1 n 
= n- 
i 
(p+r)(9+s) perB 
n i 
C 
n2 
= n-- perB,=O, 
i I n 
which completes the proof. 
COROLLARY 4.1 (Lih and Wang [8]). The permanent function is strictly 
increasing on the line segment from 1, to A E a,, if, up to permutations of 
rows and columns, either (i) A = Jr@],, 0 < r, s, r + s = n or (ii) 
A= ’ ’ 
[ 1 YT z’ 
where 0 is a p x p zero matrix. 
1 
Y= -K 
n-2p 
P,“_P’ 
and Z = 
n-P 
(n _ P)2Kn-P- 
Proof. If we choose p, 9 such that p + 9 = n, then 
B 
0 A 
P,9= J 
[ 1 r 0 ’ 
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where r = n - p and s = n - q, which is certainly permutation equivalent to 
J,@ I,. 
On the other hand, if we take p = q < n/2, then 
B 
Y 
P.4 = 
[ 1 !T z 
where 
1 
Y= -K p,n-P and Z= 
n - 2p 
n-p 
(n _ p)2Kn-P.n-P. 
The monotonicity of the permanent for these matrices now follows from 
Lemma 4.1. n 
THEOREM 4.2. Let A E il,, be such that 
All Al2 
A= A 
[ 1 21 -422 ’ 
where each of the blocks Aij (i, j = 1,2) is a nonempty matrix of equal 
entries. Then the permanent function is strictly increasing on the line segment 
from J, to A unless A = J,,. 
Proof. By the assumption on A, we see that A,,= XX,,,, A,,= 
YK p,,,~q, A,, = zK,_~,~, and A,,= uK,_~ n_q for some real numbers 
x, y, z, u > 0, where it is assumed, without loss of generality, that p, q >, 1 and 
p + q < n. Then it is not hard to check that either A = BP, q or A = J,, or 
A = (I - t )J,, + tB,, q for some t, 0 < t < 1. Thus the theorem follows from 
Lemma 4.1. n 
Let QiP ’ denote the set of all n X n doubly stochastic matrices with 
n - 1 identical rows. We see that ai-’ is a subset of dimension n - 1 of Q2,. 
In the next theorem, we prove the monotonicity of the permanent for Q2,“-‘. 
THEOREM 4.3. For any SEQz-l, S z .I,,, the permanent function is 
strictly increasing on the line segment from J,, to S. 
Proof. By the equivalence of the permanent’s being strictly increasing 
and being monotone increasing on the line segment from jn to S [21], it 
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suffices to show that, for any S E ti:- ’ and any t, 0 < t G 1, 
% per[(I - t).Jn + tS] >, 0. 
For that purpose, let c, 0 < c < 1, be arbitrarily chosen and fixed. Define a 
real valued function g on Qz i by 
g(S)= ~per[(l-t)J,,+tS] [ 1 ) SE!iy. t=C 
Being a continuous function on the compact set Q2,“-‘, g attains a minimum 
point on &?;:-‘. Since J, E GE-’ and since g( J,,) = 0, we see that min{ g(S) 1 
S E !d:: ’ } < 0. Thus, it suffices to show that the minimum value of g on 
3:: ’ is, in fact, zero. If c = 0, then this fact is readily verified, since g(S) = 0 
for all S’EG~~’ in this case. So assume O<c<l. Let A= [aij] be a 
g-minimizing matrix on a:- ‘. Without loss of generality, we may assume that 
the rows numbered 2,..., n of A are identical. Being a doubly stochastic 
matrix, A has positive permanent. Therefore A(1: .) can have at most one 
zero column. If, indeed, one of the columns, say the first column, of A(1 : .) is 
a zero vector, then A = Z,@A(l : 1). Since all the rows except, possibly, the 
first row are identical, it follows that A(1 : 1) = J,_ 1. But then g(A) > 0 by 
Lemma 4.1 with p = 1, 9 = n - 1, contradicting the minimality of A. Thus 
A( 1: .) has to be a positive matrix. Let s, 1~ s < n, be the number of 
nonzero entries of the first row of A. By permuting the columns (if necessary), 
we may assume that the first row of A is (0,. . . , u~,~+ l,. . . , a,,), where 
9=n-s>Oand~,~>O(j=9+1,...,n).Let B=A(Z,@J,).Thenbythe 
row-column averaging lemma, B is also a g-minimizing matrix on s2ip’. 
Suppose 9 >, 1. Then B = Bi,,, the barycenter of &?(D,,,). Thus, by Lemma 
4.1, g(B) > 0, a contradiction again. Therefore it must be that 9 = 0, i.e. that 
s = n. But then B = .Z,,, implying that g(A) = g(B) = g(J,) = 0, as required, 
and the proof is completed. n 
In the proof of the above theorem, the final conclusion, s = n not only 
completes the proof but also asserts that every g-minimizing matrix on G2,” ~’ 
is positive. Using this fact, we can actually show that .Z,, is the unique 
g-minimizing matrix on St:- ‘. 
Both Theorems 4.2 and 4.3 have the following corollary as a special case. 
COROLLARY 4.3 (Phuong [17]). Z’k permanent function is strictly in- 
creasing on the line segment from _I, to the barycenter of the face !d( D,, 1) of 
!J Il. 
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